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Abstract

This paper is concerned with estimating the internal state
of a dynamic system by processing measurements taken from
the system output. An exact analytic representation of the
probability density functions characterizing the estimate may
not be possible to obtain. Even when available, it may be
too complex or not practical because, for example, recursive
application is required. Hence, approximations are generally
inevitable. Gaussian mixture approximations are convenient
for a number of reasons. However, calculating appropriate
mixture parameters that minimize a global measure of devia-
tion from the true density is a tough optimization task. Here,
we propose a new approximation method that minimizes the
squared integral deviation between the the true density and
its mixture approximation. Rather than trying to solve the
original problem, it is converted into a corresponding system
of explicit ordinary first–order differential equations. This
system of differential equations is then solved over a finite
“time” interval, which is an efficient way of calculating the
desired optimal parameter values. For polynomial measure-
ment nonlinearities, closed–form analytic expressions for the
coefficients of the system of differential equations are derived.

1 Introduction

This paper considers estimating the internal state of a non-
linear dynamic system, where the main focus is on updating a
given state estimate by means of measurements of the system
output.

An estimate should be made available at every time step
and should incorporate all the information gathered so far.
Storing all data and reprocessing it at every time step is im-
practical. Hence, a recursive estimator is required that up-
dates a given estimate based on the current information. We
are not interested in point estimates but rather in the entire
probability density function characterizing the current esti-
mate. Furthermore, an analytic expression for this density
is desired.

In the case of continuous–valued systems, an exact ana-
lytic representation of the probability density function char-
acterizing the estimate is generally too complex or not prac-
tical for recursive application. In some cases, the exact solu-
tion cannot even be explicitly computed. Hence, it is gener-
ally required to approximate the exact result even when it is
available.

Early approaches to analytic nonlinear estimation used
Gaussian mixture approximations together with individual
updating of the mixture components [1], which yields subop-
timal results. On the other hand, systematically minimizing a
measure of distance between the true density and its approx-
imation by calculating appropriate density parameters gener-
ally is a tough optimization task. Numerical algorithms such
as the Expectation–Maximation (EM) algorithm [10] or gra-
dient based schemes suffer from the local minima problem,
i.e., their results strongly depend upon the initialization. In
addition, convergence may be slow. In the context of density
estimation, a deterministic annealing EM algorithm has been
proposed to overcome these problems [13]. Beginning with
an unimodal objective function at a high temperature, the ob-
jective function gradually approaches the original function as
the temperature decreases. This method increases the proba-
bility of converging to a global optimum. Similar approaches
based on moving from a tractable density to the desired den-
sity via a sequence of intermediate densities have been pro-
posed in the context of particle filters [7, 8]. An alternative ap-
proach to guarantee convergence of the EM algorithm is based
on modifying the number of mixture components [14, 15].

In this paper, a new estimator is introduced, which mini-
mizes the squared integral deviation between the true density
and its Gaussian mixture approximation. It is based on a gen-
eral framework for estimator design presented in [6]. In or-
der to minimize the given distance measure, both parametric
and structural adaptations of the approximation density are
performed. For that purpose, a parameterized true density is
introduced, which starts from a tractable density and continu-
ously approaches the exact density to be approximated. Based
on this type of progressive processing, the original optimiza-
tion problem is converted into a corresponding system of ex-
plicit ordinary first–order differential equations. For poly-
nomial measurement nonlinearities, closed–form analytic ex-
pression for coefficients of the system of explicit ordinary
first–order differential equations are derived. The desired op-
timal density parameters are then calculated by solving the
differential equations over a finite “time” interval. Structural



adaptation of the approximation density is performed during
the progression when parametric adaptation is not sufficient to
keep the desired measure of deviation within a pre–specified
tolerance band.

The paper is organized as follows. The next section gives a
formulation of the estimation problem. The set of differential
equations for parametric adaptation is derived in Section 3.
Structural adaptation is discussed in Section 4. A numerical
example of the new approach is given in [6].

2 Problem Formulation

We consider a scalar discrete–time dynamic system, where
scalar measurements ŷk at time tk = k Ts are related to the
scalar state xk via the measurement equation

ŷk = hk(xk) + vk ,

where vk is additive noise with Gaussian density

fv
k (v) =
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.

Given a predicted density fp
k (xk), a new measurement is

included by means of the filter step or measurement update
according to Bayes’ law [12]

f̃e
k(xk) = ck fp

k (xk) f̃L
k (xk) ,

where f̃L
k (xk) is the so–called likelihood and ck is a normal-

ization constant. Exact densities are denoted by a tilde, e.g.
f̃k. For additive measurement noise, the exact likelihood is
given by

f̃L
k (xk) = fv

k (ŷk − hk(xk)) . (1)

The goal is to approximate the exact density f̃e
k(xk) by

means of a Gaussian mixture given by
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where Le
k is the number of components. N (x − m,σ) de-

notes a Gaussian density with mean m and standard devia-
tion σ. w
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is characterized by the

fact that the squared integral distance
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between the exact density and its approximation is mini-
mized. Hence, the estimation problem is reduced to an op-
timization problem, which consists of calculating the small-
est set of parameters collected in a parameter vector ηopt

k
for

which the distance measure attains its minimum and is below
a pre–specified threshold Gmax

k , i.e., Gk(ηopt
k

) < Gmax
k .

The main difficulty in calculating the optimal vector ηopt
k

is
the existence of local minima. Hence, application of numeri-
cal minimization routines generally does not yield the desired
optimal parameter vector. In addition, the run time of numer-
ical minimization routines depends upon the specific problem
and, in general, is not known a priori.

The following two sections are concerned with a new
method for calculating the desired parameter vector ηopt

k
, that

does not rely on numerical search and optimization tech-
niques. For the sake of simplicity, the time index k will be
omitted in the corresponding derivations.

3 Parametric Adaptation

The key idea of the new approach is to perform progres-
sive processing. Hence, instead of directly approximating the
true density, we start with a tractable density that continuously
approaches the true density via intermediate densities. This is
achieved by parameterizing the exact likelihood. For that pur-
pose, a progression parameter γ is introduced, which varies
between zero and one. For γ = 0, the parameterized likeli-
hood f̃L(x, γ = 0) is initialized with some kind of density,
that is simple to approximate. For γ = 1, the parameterized
likelihood f̃L(x, γ = 1) attains the exact likelihood f̃L(x).

A convenient type of progression schedule is obtained by
starting with large measurement noise, which is continuously
reduced until the desired standard deviation σv is obtained.
For that purpose, we define a parameterized noise density
fv(v, γ) with a standard deviation according to

σ̄v(γ) =
1 + ε

γ + ε
σv =

{
large for γ = 0
σv for γ = 1

,

where ε is a small constant and γ ∈ [0, 1].
Since Gaussian mixture densities can easily be normalized,

the following derivations will be conducted for an unnormal-
ized likelihood

f̃L
k (x, γ) = exp

{
−1

2
(ŷ − h(x))2

(σ̄v(γ))2

}

and an unnormalized true posterior

f̃e(x, γ) = fp(x) f̃L(x, γ) . (3)

The distance measure between the parameterized exact den-
sity f̃e(x, γ) and its approximation fe(x, η) now depends on
γ

G(η, γ) =
1
2

∫
IR

(
f̃e(x, γ) − fe(x, η)

)2

dx .

We assume a nominal parameter vector η̄ to be given and
consider only small deviations ∆η(γ) according to η(γ) =
η̄ + ∆η(γ). Around the nominal parameter vector η̄, the ap-
proximation density is replaced by a Taylor series expansion
up to first order

fe(x, η) ≈ fe(x, η̄) + FT (x, η̄)∆η(γ)
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Table 1. The components P
(i,j)
n,m for n = 1, 2, 3 and m = 1, 2, 3 in (6).

with

F (x, η̄) =
∂ fe(x, η)

∂ η

∣∣∣∣
η=η̄

. (4)

The distance measure G(η, γ) can now be rewritten accord-
ingly

G(η, γ) ≈ 1
2

∫
IR

(
f̃e(x, γ) − fe(x, η̄)

−FT (x, η̄) (η − η̄)
)2

dx .

Taking the partial derivative of the distance measure G(η, γ)
with respect to the parameter vector η and setting the result to

zero, i.e., ∂ G/∂ η
!= 0, gives

∫
IR

(
f̃e(x, γ) − fe(x, η̄) + FT (x, η̄) η̄

)
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The partial derivative with respect to γ gives the desired sys-
tem of explicit ordinary first–order differential equations
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which upon replacing η̄ by η can be written as

b(η, γ) = P(η) η̇

with
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P(η) =
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F (x, η)FT (x, η) dx ,

and η̇ = ∂ η/∂ γ. We will now derive analytic expressions for
b(η, γ) and P(η).

3.1 Analytic Expression for P(η)

P(η) is composed of (Le)2 three–by–three block matrices
according to
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with P
(i,j)
n,m for n = 1, 2, 3 and m = 1, 2, 3 given in Table 1.

3.2 Analytic Expression for b(η, γ)

b(η, γ) from (5) can be decomposed into subvectors ac-
cording to
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[
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]T
,

where a subvector bi(η, γ) is obtained with (3) and (4) as
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Table 2. An example of the matrix Ci for h(x) = x3.
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For further simplification, we use (3) and replace f̃e(x)
by its approximation fe(x, η). The resulting expression

fe(x, η) fe
i

(
x, η

i

)
is converted to a Gaussian mixture
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where the coefficients ws
i,j , x̂s

i,j and σs
i,j are collected in co-

efficient matrices W, M, S. In addition, for polynomial
measurement nonlinearities h(x) we set
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...

xN
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where N is the highest polynomial order occurring on the left
hand side. An example of the matrix Ci for h(x) = x3 is
given in Table 2. These simplifications result in

bi(η, γ) = Ci

∫
IR

⎡
⎢⎢⎣

1
x
...

xN

⎤
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C1 0 0 · · ·
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we finally obtain
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...
E(N)

⎤
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where 1Le is a vector of length Le with all components equal
to one. ΘLe,N is a permutation matrix given in the appendix.
E(k) for k = 1, . . . , N are moment matrices according to

e(k)
i,j =

∫
IR

xkfs
i,j(x)dx .

In the case of Gaussian densities fs
i,j(x), higher–order mo-

ments can be expressed in terms of ws
i,j , x̂s

i,j and σs
i,j [9].

Expressions that directly relate the moment matrices E(k) to
the coefficient matrices W, M, S are given in Table 3.

4 Structural Adaptation

While performing the progression, the measure of devia-
tion between the true density and its approximation is con-
tinuously checked. For that purpose, a normalized distance
measure

GN (η, γ) =

∫
IR

(
f̃e(x, γ) − fe(x, η)

)2

dx∫
IR

(
f̃e(x, γ)

)2

dx +
∫

IR

(
fe(x, η)

)2
dx

is used, which is more appropriate for specifying deviation
tolerances as it ranges between 0 and 1. A perfect match
is indicated by GN (η, γ) = 0, the maximum deviation be-
tween the true density and its approximation is indicated by
GN (η, γ) = 1.

As long as GN (η, γ) is within a prespecified tolerance
band, i.e., GL

N < GN (η, γ) < GU
N , the progression is con-

tinued. Once the normalized distance measure is larger than
a pre–specified threshold, i.e., GN (η, γ) > GN,max, the
most critical mixture component responsible for the deviation
is identified by evaluating Le individual distance measures
according to

Gi(η, γ) =
∫

IR

(
f̃e(x, γ) − fe(x, η)

)2

fe
i

(
x, η

i

)
dx

for i = 1, . . . , Le. The most critical component is then re-
placed by a Gaussian mixture with smaller individual vari-
ances. For that purpose, a precalculated splitting library is
employed. Numerical values of a typical splitting library for



E(0) = W

E(1) = W � M

E(2) = W � (M�2 + S�2)

E(3) = W � M � (M�2 + 3S�2)

E(4) = W � (M�4 + 6M�2 � S�2 + 3S�4)

E(5) = W � M � (M�4 + 10M�2 � S�2 + 15S�4)

E(6) = W � (M�6 + 15M�4 � S�2 + 45M�2 � M�4 + 15S�6)

E(7) = W � M � (M�6 + 21 � M�4 � S�2 + 105M�2 � s�4 + 105 s�6)

E(8) = W � (M�8 + 28 � M�6 � S�2 + 210M�4 � S�4 + 420M�2 � S�6 + 105 � S�8)

Table 3. Moment matrices E(0) to E(8) where A � B denotes the element–by–element multiplication of
two matrices A and B with identical dimensions. A�k denotes the element–wise power.
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Figure 1. Approximating the standard Gaussian density by means of a Gaussian mixture with L = 4
mixture components. Left: True density f̃(x), its Gaussian mixture approximation f(x), and the individual
mixture components fi(x), i = 1, . . . , 4. Right: The deviation f(x) − f̃(x) between true and approximate
density.

i wi mi σi

1 0.35690452 −1.41312052 0.51751260
2 0.61042539 −0.44973060 0.51751260
3 0.61042539 0.44973060 0.51751260
4 0.35690453 1.41312052 0.51751260

Table 4. Parameters of a Gaussian mixture with
4 mixture components for approximating the
standard Gaussian density.

replacing a standard Gaussian density by a Gaussian mixture
with four components of equal variance is given in Table 4
and visualized in Figure 1. The results are applied to splitting
arbitrary Gaussian densities by means of suitable shifting and
scaling.

Before restarting the progression again after modifying the
number of mixture components, an additional correction step
is required. This is due to the fact that the structural adapta-
tion of the parameter vector is performed for a fixed value of
the progression parameter γ and cannot be compensated by

continuing the progression. The appropriate correction step
will not be derived here for the sake of brevity.

A block diagram of the progressive Bayesian estimator in-
cluding the parametric adaptation discussed in Section 3 and
the structural modification discussed in this section is shown
in Figure 2.

5 Discussion and Future Work

A new type of estimator for performing the measure-
ment update in the case of nonlinear dynamic systems with
continuous–valued states has been introduced, which is based
on a general framework for progressive Bayesian estimators
given in [6].

The first contribution is concerned with obtaining optimal
parameters of an Gaussian mixture approximation, that min-
imize the squared integral deviation from the true posterior
density. Instead of applying numerical search and optimiza-
tion techniques, which may suffer from local minima, bad
convergence, and unpredictable run time, the problem is ex-
actly converted to a system of explicit ordinary first–order
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Figure 2. Block diagram of the progressive Bayesian estimator including the parametric adaptation
discussed in Section 3 and the structural modification discussed in Section 4.

differential equations. The desired optimal density parame-
ters are then calculated by solving the differential equations
over a finite time interval. The second contribution is con-
cerned with adapting the number of components of the Gaus-
sian mixture density approximation. For that purpose, a novel
approach for mixture density adaptation based on splitting li-
braries and on the efficient identification of critical mixture
components has been proposed.

For the special case of polynomial measurement nonlinear-
ities, closed–form analytic expression have been derived for
the coefficients of the system of explicit ordinary first–order
differential equations. In the case of arbitrary measurement
nonlinearities [6], some of the coefficients must be calculated
numerically. For that purpose, an alternative to numerical
integration is given in [11].

The resulting estimators fill the gap between simple esti-
mators based on, e.g. linearization, and complex numerical
approaches like particle filters [2] or grid–based estimators
[3]. Since the estimator performance is adjusted by specifying
the maximum tolerable deviation between the true density and
its approximation, the designer can trade accuracy for compu-
tational power required. As a result, economic estimators can
be designed that are adequate for the given application.

In the context of this paper, white Gaussian measurement
noise was assumed. The derived estimator also handles mea-
surement noise characterized by a Gaussian mixture density.
Future work will be concerned with colored measurement
noise based on the results for estimation in the presence of
uncertain correlations derived in [4, 5].

For the sake of simplifying the corresponding derivations,
the paper is limited to the case of scalar states. However, a
generalization to vector–valued states and measurements is
available.
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Appendix

The permutation matrix Θnm is implicitly defined accord-
ing to ⎡

⎢⎢⎢⎣
y
1

y
2
...

y
n

⎤
⎥⎥⎥⎦ = Θnm

⎡
⎢⎢⎣

x1
x2
...

xm

⎤
⎥⎥⎦

with xi ∈ IRn for i = 1, 2, . . . , m, y
j

∈ IRm for j =
1, 2, . . . , n, and[

y
1

y
2

· · · y
n

]
= [x1 x2 · · · xn]T .




