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Abstract— The main problem of stochastic nonlinear model
predictive control (SNMPC) is that the equations for state
prediction and calculation of the expected reward are in
general not solvable in closed form. A popular approach is
to approximate the occurring continuous probability density
functions by a discrete density representation, which allows an
analytical solution of the SNMPC equations. In this paper, we
propose to draw the samples not randomly as in Monte Carlo
based methods, but systematically by minimizing a distance
measure. In doing so, fewer components are generally required
to represent the underlying probability density while achieving
the same approximation quality. Especially if the evaluation of
the expected reward is computationally expensive, this property
affects the complexity of computation significantly. By means of
a path planning problem, we have substantiated this statement
with several simulation runs.

I. INTRODUCTION
In model predictive control, the controller uses a model
of the system in order to incorporate not only the current
system state, but also the future behavior of the system into
the decision about the current optimal control input. This fact
often results in a higher quality of control and therefore,
model predictive controllers are already applied in many
areas [1].
The more closely the model reflects the real-world process,
the more reliable is the prediction of future system states.
Therefore, it is particularly desirable for strongly nonlinear
systems that the applied controller can deal with nonlinear
system models.
In addition to a precise model of the system under control,
occurring uncertainties should also be incorporated in the
control decision. These uncertainties include exogenous and
endogenous disturbances acting upon the system. Moreover,
sources of uncertainties might be noisy sensor measurements,
which lead to an uncertain state estimate.
Since a deterministic approach does not allow a complete modeling of all occurring phenomena for reasons of
complexity, it is popular to model these uncertainties probabilistically, leading to stochastic nonlinear model predictive
control (SNMPC).
In this paper, we present an SNMPC method for systems
with continuous-valued system states and a finite set of
discrete control inputs. This system class represents many

technical systems. For example, the state space of the
walking robots introduced in [2] comprises the continuous
position. In addition, this kind of robot is only able to handle
a finite set of discrete control inputs, namely commands such
as turn left/right or move forward.
The main problem of SNMPC is that the equations for
state prediction and calculation of the expected reward are
not generally solvable in closed form. One possibility to
solve this problem is to approximate the occurring densities
by an adequate density representation, for which the SNMPC
equations can be solved analytically. For example, a popular
approach is to represent the densities and the reward function
with Gaussian Mixtures [2], [3], [4].
The advantages of discrete representations of an underlying continuous probability density are that both, the probabilistic prediction of the current state estimate as well as
the evaluation of the reward function rating the extrapolated
states can be easily realized.
A. Contributions
In contrast to the approach proposed in this paper, existing
sample-based SNMPC approaches determine the particles
in a purely random manner [5], [6], [7]. The key idea of
this paper is to approximate the occuring densities by a
discrete representation of an underlying continuous density,
a deterministic Dirac mixture density. In contrast to Monte
Carlo methods, where the particles are drawn randomly, the
components of the Dirac mixture density are determined
systematically by optimizing a distance measure. Fig. 1
illustrates the difference between the systematic and the
Monte Carlo approach. In doing so, the underlying density
can be generally represented by fewer components while
achieving the same approximation quality. This property is
advantageous in the SNMPC context, since the complexity
of the control decision depends directly on the number of
components representing the density. Thus, a lower complexity in run-time and storage can be attained, particularly
if the evaluation of the reward function is computationally
expensive.
B. Outline of this Paper

The remainder of this paper is structured as follows: in
the next Section, the considered problem class of SNMPC
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w

w

x

x

(a) Deterministic approximation
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Fig. 1. This figure illustrates, how a joint probability density can be approximated in a systematic way (a) or by Monte Carlo sampling (b). The initial
densities are illustrated by blue lines and their discrete approximations by short black lines on the axes. Subfigure (a) shows the approximation with a
deterministic Dirac mixture density by green dots. The original Cartesian product of all Dirac components is displayed by small grey dots. For comparison,
subfigure (b) shows an exemplary Monte Carlo sampling of the joint probability function depicted by red dots.

runs of a path planning problem in Sec. V. The paper
concludes with a summary.
C. General Notation
Throughout this paper, random variables x are written in
bold face letters, whereas deterministic quantities x are in
normal letters. In order to identify vector-valued quantities
x or x, we underline the corresponding identifier. The
notation xk ∼ fkx (xk ) means that the random variable xk is
characterized by its probability distribution fkx (xk ). Finally,
a density represented by a deterministic Dirac mixture, is
denoted by f˜kx (xk ) and a sequence [xa , xa+1 , . . . , xb ] by
xa:b .
II. PROBLEM FORMULATION
In this paper, we consider a discrete-time stochastic nonlinear time-variant dynamic system
xk+1 = ak (xk , uk , wk ) ,

(1)

where the system state xk is assumed to be not directly
accessible, but can be estimated by means of noisy measurements. Hence, it is modeled by a random variable characterized by a probability density function fkx (xk ). The identifier
uk ∈ Uk denotes the deterministic control input, where
Uk is a finite set of discrete control inputs. Furthermore,
ak (·) is the nonlinear system function describing the dynamic
behavior of the system. Finally, the random variable wk ∼
fkw (wk ) subsumes endogenous and exogenous disturbances
acting upon the system.
The stochastic nonlinear system (1) is controlled by an
open-loop feedback controller (OLFC) with a finite horizon,
which determines the current optimal control input u∗k as if
no further measurements will be received in future time steps
[8].
More precisely, u∗k is determined as follows:

1) Based on available measurements and previously applied control inputs, the current system state xk is
estimated.
2) Then, the OLFC determines a control sequence
u∗k:k+H−1 that solves the open-loop problem
)
(
k+H−1
X
gi (xi , ui ) (2)
max E gk+H (xk+H ) +
uk:k+H−1

i=k

subject to
xi+1 = ai (xi , ui , wi ) with
i = k, k + 1, . . . , k + H − 1 and
ui ∈ Ui .
3) Finally, the control input u∗k is applied to the system.
In (2), the function gi (·) denotes the application-specific
reward function that assigns each sequence xk:k+H of
predicted system states and the corresponding sequence
uk:k+H−1 of control inputs a real number. This function
models the desired behavior of the system by assigning a
high reward to preferred system states and control inputs,
while undesired states and inputs obtain a low reward. In
this work, we make no assumptions on the reward function
and hence, it can be an arbitrary function.
The extrapolated future system states xi of (2) are calculated by means of the Chapman-Kolmogorov equation [9]
Z
x
fi+1
(xi+1 ) = fuTi (xi+1 |xi )fix (xi ) dxi ,
(3)
where fuTi (·|·) denotes the transition density and is defined
by
fuTi (xi+1 |xi ) =
Z
δ(xi+1 − ak (xi , ui , wi )) · fiw (wi ) dwi .
The transition density can be interpreted as a probabilistic
description of the dynamic system behavior.

There are two main challenges of stochastic OLFC:
1) The calculation of the expected value in (2) is generally
not solvable in closed form for arbitrary state densities
and reward functions.
2) In addition, the extrapolated system state xk:k+H cannot be determined analytically in general.
Thus, it is mandatory to either approximate the system model
or the probability density functions.
III. DETERMINISTIC DIRAC MIXTURE
APPROXIMATION
As mentioned before, we propose to represent the densities
by a special kind of density representation, the Dirac mixture
densities.
An arbitrary N-dimensional probability density function
f (x) : IRN → IR+ characterizing the random vector x ∈
IRN can be approximated by a Dirac mixture density given
by
L
X
(4)
ω (j) · δ(x − x(j) ) ,
f˜(x) =
j=1

where x , for j = 1, ..., L, denotes the position of the jth
Dirac component and ω (j) , with
(j)

L
X

f1 (x) : IRN → IR+ and f2 (x) : IRN → IR+ is defined by
their corresponding LCDs F1 (m, b) and F2 (m, b) according
to
Z
Z
D=
ω(b)
(F1 (m, b) − F2 (m, b))2 dm db ,
IR+

IRN

where ω(b) : IR+ → [0, 1] defines a weighting function.
A deterministic discrete approximation of a given continuous
probability density function can now be realized by minimizing the modified Cramér-von Mises distance by means of an
optimization over the positions of all Diracs.
For more details about this deterministic density approximation technique, we refer the reader to [11].
IV. SNMPC WITH D ETERMINISTIC D IRAC M IXTURE
D ENSITIES
In this section, we specify the operations for density
propagation of the state estimate xk over time by using (3)
and calculating the expected reward in (2), if the occurring
densities are represented by deterministic Dirac mixture
densities.
A. Propagation of the State Estimate

ω

(j)

=1,

j=1

describes the corresponding weight.
In order to measure the quality of a density approximation,
the distance between two probability densities must be
defined. Common distance measures based on probability
densities cannot be applied directy in the case of discrete
density representations. As a consequence, distance measures
based on cumulative distrbutions are usually utilized. Due to
the fact that famous approaches cannot maintain uniqueness
and symmetry in the multivariate case [10], the so-called
Localized Cumulative Distribution (LCD) is introduced.
Definition 1 (Localized Cumulative Distribution, [10])
For a random vector x ∼ f (x) : IRN → IR+ , the LCD is
defined by
Z
F (m, b) =
f (x) · K(x − m, b) dx ,
IRN

with F (·, ·) : Ω → [0, 1], Ω ⊂ IRN × IR+ . K is a symmetric
and integrable kernel at position m and size b, with K(·, ·) :
Ω → [0, 1]. The kernel size b is considered to be equal in
every dimension.
On basis of the Localized Cumulative Distribution, a modification of the Cramér-von Mises distance can be defined.
The modified Cramér-von Mises distance defines a unique
and symmetric distance for arbitrary multivariate probability
distributions.
Definition 2 (Modified Cramér-von Mises Distance, [10])
The distance D between two probability densities

Let the probability density functions of the current state
estimate and the system noise be given by Dirac mixture
densities f˜kx (xk ) and f˜kw (wk ), respectively. Then, the joint
probability density function of these two densities f˜kz (z k ) =
f˜kx (xk ) · f˜kw (wk ) can be written as f˜kx (xk ) × f˜kw (wk ), the
Cartesian product of the Dirac components.
This leads to
p
f˜k+1
(xk+1 ) =

LX
x ·Lw

(i)

ω (i) · δ(x − a(z k , uk )) ,

(5)

i=1

which is the analytical solution of (3) for Dirac mixture
densities. Here, Lx and Lw denote the number of samples
for f˜kx (xk ) and f˜kw (wk ).
As can be easily seen, (5) results in an increased complexity in run-time and storage. In detail, it leads to a multiplicative increase of Dirac components for each prediction
step, namely Lx · Lw . As a consequence, extrapolating a
current state estimate over time results in an exponential
increase of components. Thus, reduction of the complexity
of representation is crucial for a feasible approach.
In this work, we employ a systematic technique for reducing the number of components that exploits independencies
of f˜kx (xk ) and f˜kw (wk ) before propagating through ak (·, ·)
as introduced in [12].
B. Calculating the Expected Reward
The expected one-step reward for a given estimate xk is
defined by
Z
E {g(xk , uk )} = g(xk , uk ) · fkx (xk )dxk .
(6)

Obstacles

Start

A. Simulation Setup
In particular, we consider a miniature robot introduced
in [13] trying to reach a goal region without colliding with
obstacles. This control objective is realized by applying the
proposed SNMPC method. In order to model the desired
behavior of the system, we have chosen the one-step reward
function
(1)

(2)

(3)

gk (xk , uk ) = gk (uk ) + gk (xk ) + gk (xk ) ,

Goal

(1)

100 mm

Fig. 2. This figure shows the setup for a designed scenario, where the
red icon marks the initial position of a mobile robot. The green rectangle
shows the goal region to be reached and the black polygons are obstacles
to be avoided. Furthermore, the distance to the center of the goal region is
rewarded illustrated by the light gray color gradient.

If fkx (xk ) is approximated by a Dirac mixture density, the
insertion of (4) into (6) leads straightforward to
E {g(xk , uk )} =

L
X

(j)

ω (j) gk (xk , uk ) ,

(7)

j=1

i.e., the sum of individually evaluated component positions
(j)
xk with their corresponding weights ω (j) .
Considering (7), a discrete representation of an underlying
continuous density offers two advantages: Firstly, no integration has to be performed and secondly, evaluation of an
arbitrary reward function gk (·) is possible, since the reward
is only evaluated at specific positions.
C. Complexity Analysis
Considering the computational complexity, we would like
to emphasize the fact that for a deterministic Dirac mixture
density f˜(x) with L Dirac components, (7) can be evaluated
in O(L). Taking advantage of a small L becomes especially
important, if the whole sequence of control inputs uk:k+H−1
(2) is taken into account. In this case, (7) has to be evaluated
H times for every possible sequence of control inputs.
As for the prediction comprising the component reduction
routine, (5) can be evaluated in polynomial time. For two
N-dimensional deterministic Dirac mixture densities f˜kx (xk )
with Lx components and f˜kw (wk ) with Lw components,
prediction can be performed in O(N · (L2x + L2w )). For a
more detailed complexity analysis concerning the prediction
step, we refer the reader to [12].
V. SIMULATIONS
To demonstrate the benefits of using deterministic Dirac
mixture densities in an SNMPC framework, the proposed approach was evaluated by means of a path planning scenario.

(2)

where gk (uk ) = −1 defines the motion cost and gk (xk ) =
1/d(xk , c) represents a position reward given the L2 distance
d between the robot position xk and the goal center c. Finally,
(3)
the third component of the one-step reward function gk (xk )
determines the position reward defined by


 20, if true(“xk in goal region”)
(3)
gk (xk ) = −20, if true(“xk in obstacle”)


0, otherwise
.
We use a system model that is similar to a two-wheeled
differential drive and is given according to the nonlinear
discrete-time system equation

  x
 
wk
xk + uvk · cos(φk + uφk )
xk+1
y
φ 
v




xk+1 = y k+1 = y k + uk · sin(φk + uk ) + wk  ,
φk+1
wφk
φk + uφk
where the system state xk = [xk , y k , φk ]T defines the pose
of the robot and the control input uk = [uvk , uφk ]T consists
of the step length uvk and the rotation angle uφk .
Throughout the simulation, we used five possible control
inputs
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Furthermore, the system noise wk = [wxk , wyk , wφk ]T is
assumed to be Gaussian white noise, where [wxk , wyk ]T is
concerning the position and wφk the rotation with the corresponding standard deviations σ x = σ y = 4 and σ φ = 1◦ ,
respectively.
In order to improve uncertain state estimation, we additionally consider distance measurements between the mobile
robot and landmarks with fixed positions. Thus, the measurement equation is given by
p
z k = (xk − x̌k )2 + (y k − y̌k )2 + v k ,
where [x̌, y̌]T denotes the position of a landmark and v k
is the additive Gaussian white noise with the corresponding
standard deviation σ v = 5.
For state estimation, a standard particle filter with 500 particles is applied using sequential importance resampling [14].
In every time step k, the current state estimate represented by
randomly drawn particles is approximated by a deterministic
Dirac mixture density, in order to be able to perform the
SNMPC operations with this kind of density representation.
The described control objective was applied in two scenarios using the proposed open-loop feedback SNMPC with
a moving horizon of length H = 4.

TABLE I
S IMULATION RESULTS FOR THE HAND - CONSTRUCTED SCENARIO .
method (100 runs)

ø reward

ø steps

collisions

DM (L = 12)
MC (L = 12)
MC (L = 144)

-8.298
-26.885
-13.959

28.45
28.56
34.04

0
37
0
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B. A Simple Hand-Contructed Scenario
In order to analyze the behavior of the proposed method,
a simple hand-constructed scenario was used at first. In
this scenario depicted in Fig. 2, the mobile robot can take
different paths to the goal, which differ in length and distance
to obstacles. The shortest path leads directly to the goal
region. However, it is particularly narrow and thus, due
to exogenous disturbances, uncertain state estimate, or an
imprecise system model, the probability that the robot hits
an obstacle is high, whenever the narrow path is chosen.
Other more and less wide paths can be taken safely, taking
into account that wider paths are longer.
Fig. 3 (a) shows the trajectories of 100 Monte Carlo
simulation runs of the proposed approach using L = 12
Dirac components. For comparison, a Monte Carlo sampling
(MC) approach with 12 and 144 randomly drawn particles
was evaluated by 100 Monte Carlo simulation runs. The
results are shown in Fig. 3 (b) and Fig. 3 (c), respectively.
As can easily be seen, the Monte Carlo approach with
only 12 particles shows little robustness. More precisely,
the narrow short path, which should be omitted because
of uncertain disturbances, is often used and apparently, the
robot often collides with obstacles. This is not surprising,
since Monte Carlo sampling needs a certain number of
particles to represent the original density well. In contrast,
the Monte Carlo approach with 144 particles shows a very
robust behavior and, thus, obstacles are omitted while longer
paths are taken.
Applying the Dirac Mixture approach, robustness and
efficiency are combined, since only 12 points of the reward function have to be evaluated. Furthermore, a greater
constancy exists in the way paths are chosen, due to the
deterministic procedure. While the Monte Carlo approach
with 144 particles often chooses paths longer than necessary,
the proposed approach uses short paths that are wide enough
to be passed safely. Table I summarizes the simulation results
of this scenario. In the absence of uncertanty and noise, a
perfect run is accomplished by 20 steps, resulting in a slightly
positive reward. Hence, disregarding the collision penalty, the
average reward can be interpreted as an indicator of the taken
detour, by means of the motion cost.
It is worth noticing that the proposed approach even
surpasses the Monte Carlo sampling approach with L = 12
particles in terms of average steps taken to reach the goal,
even though the short but narrow path is completely omitted.
As one can already see from Fig. 3 (c), the MC approach
with L = 144 particles takes longer paths and, thus, needs
more steps on average.

Goal
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(a) Deterministic Dirac mixture density with L = 12 components.

Start

Goal
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100 mm

(b) Monte Carlo sampling with L = 12 particles.

Start

Goal
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(c) Monte Carlo sampling wih L = 144 particles.
Fig. 3.
This illustration shows the true trajectories of 100 simulation
runs, where the depicted results of subfigure (a) were calculated using
the presented deterministic Dirac mixture density approach with L = 12
Dirac components. For comparison, the widely used Monte Carlo sampling
approach with L = 12 particles (subfigure (b)) and L = 144 particles
(subfigure (c)) were used.

by minimizing a distance measure, in an SNMPC framework
is presented. Compared to random sampling, fewer samples
are necessary to represent the underlying probability density
function while achieving the same approximation quality.
This property is particularly advantageous, if the evaluation
of the expected reward is computationally expensive, e.g.,
because of a complex reward function or system model. By
means of a path planning problem of a mobile robot, we
have emphasized the benefits of our proposed approach.
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100 mm

Fig. 4. This figure shows a randomly generated world, where the light
green rectangle marks possible positions for the goal region and the light
red rectangle for the starting position. Inside the grey rectangle obstacles
are generated randomly. An exemplary scenario as described for Fig. 2 is
shown.
TABLE II
S IMULATION RESULTS FOR THE RANDOMLY CONSTRUCTED SCENARIO .
method (200 runs)
DM (L = 12)
MC (L = 12)
MC (L = 144)

ø reward

ø steps

-10.91
-13.50
-12.53

30.68
30.38
32.51

The detours of all three approaches result in negative
rewards, however the penalty taken by MC approach with
L = 12 particles adds up to the worst average reward.
C. Performance in Several Randomly Constructed Scenarios
In order to prove the results in a more general manner,
randomly generated worlds were also used for evaluating our
approach. The generator is illustrated in Fig. 4, where goal
region, starting position, and polygon shaped obstacles are
being positioned randomly in specific predefined areas. The
number of obstacles as well as the amount of edges for each
obstacle is chosen randomly between 4 and 7. Furthermore,
size and shape of each obstacle are random to a certain
degree.
We conducted 200 Monte Carlo simualtion runs with one
randomly generated world per run. The results are shown
in Table II. As one can easily see, the average path length
still shows similarities between both approaches with L =
12. The less frequent occurrence of long paths results in a
decreased chance of hitting an obstacle for the Monte Carlo
sampling approach and, therefore, in less penalty. Due to the
fact that most of the generated worlds are simpler than the
constant scenario, the difference of the average path length
is decreased. However, the main statement is confirmed.
VI. C ONCLUSIONS
In this paper, the integration of a discrete density representation, in which the samples are determined systematically

The authors would like to gratefully acknowledge the
support of Toshiyuki Ohtsuka for helpful discussions about
the ideas of this paper.
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